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Abstract 



We study the quantization of the M-theory G-flux on elliptically fibered Calabi-Yau 
fourfolds with singularities giving rise to unitary and symplectic gauge groups. We seek 
and find its relation to the Freed- Witten quantization of worldvolume fluxes on 7-branes 
in type IIB orientifold compactifications on Calabi-Yau threefolds. By explicitly con- 
structing the appropriate four-cycles on which to calculate the periods of the second 
Chern class of the fourfolds, we find that there is a half-integral shift in the quantization 
of G-flux whenever the corresponding dual 7-brane is wrapped on a non-spin subman- 
ifold. This correspondence of quantizations holds for all unitary and symplectic gauge 
groups, except for SU(3), which behaves mysteriously. 

We also perform our analysis in the case where, in addition to the aforementioned gauge 
groups, there is also a 'flavor' £/(l)-gauge group. 
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1 Introduction 

The investigation of global aspects of F-theory compactifications has received much at- 
tention in the past few years [UI21I31IHE1IH1II1IB1IH]- Although primarily driven by 
phenomenological aspirations, these studies have furthered our understanding of funda- 
mental aspects in general F-theory configurations. One such notable aspect concerns 
G-flux [TUJ [EH H2J EH EH]- A detailed knowledge of these objects and of their properties 
is crucial for both model building issues, like generation of chiral matter in the gauge 
theory sector and moduli stabilization in the gravitational sector, and more fundamental 
questions regarding the quantum consistency of the UV theory. An essential tool which 
has driven the recent development of the field is the duality between F and M-theory [T5] , 
which allows for a rigorous and elegant definition of F-theory through its long- wavelength 
limit (eleven-dimensional supergravity) (for reviews see [T6l ITT] ). 

However, many questions remain unanswered. In this paper we will address the 
the quantization rule for the M-theory G4 flux [18] in its relation to the Freed- Witten 
quantization condition for gauge fluxes on 7-brane configurations [Hi [20]. In [21], the 
authors studied the link between the half-integral shifts in the quantization condition 
of G4 and in the quantization condition of the dual 7-brane gauge flux. While proving 
that F-theory configurations with smooth Weierstrass representation never display such 
a shift, they were able to indirectly analyze the singular cases. Indeed, they matched the 
quantization conditions of G4 and of its dual 7-brane flux by using the type IIB weak 
coupling limit of F-theory, and comparing the M2 and D3 induced charges. However, the 
analysis focused on symplectic gauge groups, which are more tractable at weak coupling. 

In this paper, we generalize our previous studies, and render them physically more 
intuitive. We will in fact find a purely M-theoretic way of detecting the membrane 
anomaly. Moreover we will show that our method provides a direct lift to M-theory 
of the usual strategy adopted to detect Freed- Witten anomaly in perturbative D-brane 
physics. More precisely, a D7-brane wrapping a non-spin manifold carries a half-integrally 
quantized flux. Given the 2-cycle on which the period of the flux is half- integral, we 
identify the corresponding 4-cycle in M-theory where the period of the second Chern 
class of the elliptic fourfold is an odd integer, thus modifying the quantization rule of G 4 . 

The authors of [22] have shown that no shift in the quantization of G4 can be detected 
by integrating c<i on holomorphic 4-cycles given by complete intersections of divisors, or 
on fibrations of exceptional P^s over matter curves. Our strategy will be to look at 
holomorphic 4-cycles that are not complete intersections of divisors with the Calabi-Yau 
hypersurface, much in the same spirit of [H]. Their explicit description in terms of sets of 
algebraic equations is not present in a general point of the moduli space of the fourfold. 



By mildly constraining the complex structure of the Weierstrass model, we are able to 
find those 4-cycles, which are generically not holomorphic, and therefore geometrically not 
tractable. In fact, we will propose two alternative methods to perform such a constraint, 
based on two different Ansatze on the coefficients of the 'Tate model', both of them with 
a clear physical interpretation in type IIA string theory. One of them allows us to make a 
more direct treatment of the symplectic series, hence extending and clarifying the results 
of [21], while the other one gives us the possibility to extend the same analysis to the 
whole tower of unitary gauge groups. This is indeed a very important generalization 
in light of the promising Grand-Unified-Theory models which are mainly based on the 
existence of an SU(5) gauge stack of 7-branes. 

A notable exception in our investigation is represented by the SU(3) configuration, for 
which neither of our two prescriptions work. We will present the details of this model in 
an appendix and explain the reasons of this anomalous behavior. Finally we will extend 
our analysis to models with flavor [/(l)-gauge groups, whose relevance in the generation 
of chiral matter on D-brane intersections is well-known [23] . 

The paper is organized as follows: After summarizing our results in section [2| we 
address the Sp-series, finding appropriate four-cycles on which to detect the half-integral 
shift in the quantization of G4. We relate these directly to the two-cycles on which the 
Freed- Witten shift of the corresponding D7 gauge flux is detected. 

In section |4j we proceed with the case of unitary groups, which are generically less 
tractable from the type IIB point of view. Nevertheless, we find that the quantization of 
G4 still mimics that of gauge flux of the corresponding D7-stack. To make our formulae 
more palatable, we work out explicitly the interesting case of SU(5). 
In section [5] we take our investigation one step further by adding singularities that give 
rise to 'flavor' U(l) gauge groups. We conclude with an outlook in section [6] 
In appendix [A] we give a general description of the resolution of CY fourfolds with arbi- 
trary SU(N) singularities over arbitrary base threefolds. 
In appendix [B] we say a few words about the special case of SU(3) gauge group. 



2 Summary of results 



Let us collect here the main results of this paper for the convenience of the reader. 

We have found non-complete intersection, integral 4-cycles of the F-theory fourfold 
on which we are able to measure odd values of the second Chern class and hence half- 
integral shifts in the quantization condition of G4. We have performed this analysis for 
both the symplectic and the unitary series of gauge groups. We find half-integral shifts 
precisely when the corresponding 7-brane stack is wrapping a non-spin manifold, thus 



directly connecting this topological effect with the Freed- Witten quantization condition 
in type II string theory. 

For a 7-brane stack with Sp(N) gauge group wrapped on a divisor V> that contains a 
holomorphic curve C, we explicitly construct a holomorphic surface C^ in the resolved 
F-theory CY fourfold Z 4 , such that 



/ c 2 (Z 4 ) = [ [7 Cl (B 3 ) - (2N - 1) V] . (2.1) 

JCu> Jc 



'(4) 

This 4-cycle has the geometry of a P 1 fibered over the curve C <ZT> and it lifts a loop 
of type IIA open strings stretching between one D-brane of the stack and the Whitney 
umbrella D-brane. Hence, if T> is not spin, such that its first Chern class has an odd 
period on C, then 02(^4) will have an odd period on our 4-cycle C(4). 

For the S77(2iV)-series with N > 2 we construct the 4-cycle in the same way. The 
general formula for the integrated second Chern class is now 



I 



c 2 (Z 4 ) = /(6ci(B 3 )-(2JV-l).P). (2.2) 



C(4) ^c 

For the SU(2N + l)-series with N > 2 we construct a different type of 4-cycle C,^, 
however it also consists in fibering a P 1 over C. Physically, this other 4-cycle is lifting a 
loop of closed, non-orientable type IIA open strings. The general result for the integrated 
second Chern class is 

/ c 2 (Z 4 ) = [v. (2.3) 

Jc[ A) Jc 

It is worth remarking that this second strategy works fine also for SU(2N) with N > 3. 

We finally have investigated flux quantization in F-theory models with the so-called 
[/(l)-restriction (23J . For gauge groups SU(N > 5) nothing changes with respect to the 
previous discussion, if we treat all of these cases with the second type of 4-cycle, Ci 4 y 

For the Sp-series we conjecture that odd-rank Sp groups lead to even second Chern 
classes and viceversa. This is because in the odd-rank cases the two branches of the 
'flavour brane' (shaped like a Whitney umbrella, as shown in J24]) are separately non- 
spin and the induced flux on them is also half-integral. This effect cancels the analog 
effect arising on the non-abelian stack. In contrast, in the even-rank cases, the branches 
of the 'flavour brane' are spin and the induced gauge flux is integrally quantized. For 
this reason we still find, by explicit computation, an odd second Chern class also for the 
[/(l)-restricted S'L r (4)-model. 



3 Detection of the Freed- Witten anomaly in F-theory: 
Sp-series 

In [21] it has been argued that, for M-theory on elliptically fibered Calabi-Yau fourfolds 
with a codimension one singularity of Kodaira type 1^, the G4 flux is quantized in terms 
of half-integers if and only if the singular locus does not admit spin structures. This 
is the F-theory counterpart of the Freed- Witten quantization condition for the gauge 
flux on the D7-brane S"p(iV)-stacUj which wraps a non-spin submanifold of the Calabi- 
Yau threefold in the weakly coupled type IIB string picture. However, it has not been 
clarified yet on which 4-cycles of the fourfold one is actually able to detect the shifted 
quantization condition. In fact, it turns out that such cycles are not manifest as algebraic 
submanifolds in a generic point of the moduli space of the fourfold. In the same spirit as 
in [H] , in this section we will identify them by mildly constraining the complex structure 
moduli of the fourfold. As we will see, the way to perform the restriction is suggested 
by the description of the system in the weak coupling limit, which for this reason we will 
present first. 

Throughout this paper, we will use the phrase Freed-Witten anomaly, to refer to the 
half-integral shift in the quantization of worldvolume flux, as opposed to the anomaly 
related to i^-fluxes that restrict non-trivially to the brane. 

3.1 Sen limit 

As reviewed in [21] , Sen's weak coupling limit of an F-theory configuration is described 
in terms of a Calabi-Yau threefold equipped with an orientifold involution. If B 3 is the 
base manifold of the F-theory elliptic fourfold, the type IIB Calabi-Yau threefold is the 
double cover of B% defined by the following equation 

X 3 : (£-ai)(£ + ai) = 4a 2 . (3.1) 

in an ambient four-dimensional manifold. The ambient variety is obtained by adding to 
.83 the homogeneous coordinate £ of degree c\(B$). The polynomials Oi : 2, which depend 
on the coordinates of B 3 , are sections of Kg 1 , Kg 2 respectively (they are the first Tate 



coefficients of the elliptic fourfold defining equation, see eq. (3.9 ) below). The geometrical 
action of the orientifold involution is defined by the operation £ — > — £ and the equation 
£ = determines the locus wrapped by an 07~-plane. 

If the F-theory fourfold has an Sp(N) singularity over the locus {D = 0} C B ?) 
with D an homogeneous polynomial, in the weak coupling limit there is a stack of 2N 



: We will always use for symplectic groups the notation where N refers to the rank. 



orientifold-invariant D7-branes wrapping the manifold given by the complete intersection 

S2 : { (e-a 1 )(^ + oi) = 4 fl2 . (3 ' 2) 

Being transverse to the 07-plane, the stack accommodates an Sp(N) gauge theory. Con- 



sider the case in which the submanifold (3.2) is non-spin. Then, there must exist 2-cycles 



of the D7-stack on which C\(S 2 ) has an odd period. However, these may have no algebraic 
representatives in a generic region of the moduli space of the D7-divisor. That is indeed 
the case here, and the mildest assumption we can make in order that those Riemann 
surfaces show up is as follows. Let us constrain the polynomials D and a 2 to be of the 
form 

D = PD + QD 

(3.3) 
a 2 = Pa 2 + Qa 2 , 

while keeping ai completely generic. Here P, Q are generic polynomials of odd degree^] 
on A3. If D, D were constants, we could redefine things such that for example D simply 
coincides with P, but in general this is not the case. It is now easy to see that thanks to 



(3.3) some integral (l,l)-cycles of the D7-stack are manifest in our Calabi-Yau threefold 



and they can be written in the ambient four-dimensional manifold as 



Cf 2) : { Q = (3.4) 




As it is also the case in [T4], the subvarieties (3.4) are complete intersections neither 



with the Calabi-Yau threefold equation (3.1), nor with the divisor {D = 0} representing 



the D7-stack. Rather, they are codimension three subspaces of the ambient, which are 
automatically contained in S 2 . Moreover, one is the image of the other under the ori- 
entifold map. By construction, Ci(S 2 ) may now integrate to an odd number over C, 2 y 
In contrast, every 2-cycle which is complete intersection with A 3 gives certainly an even 
result for the integral of ci(S 2 ), since A 3 is an hypersurface of even class (2ci(B 3 )) in 



the ambient manifold. Notice, finally, that the constraints (3.3) do not introduce any 



singularity in A 3 , as can be verified by computing the gradient of eq. (3.1) subjected to 



the ansatz (3.3) 



As an example, let us consider the toy model discussed in ref. [21], namely _B 3 = P 3 
with homogeneous coordinates xi, . . . , x 4 and hyperplane class H. The associated double- 
cover type IIB Calabi-Yau threefold is the octic hypersurface WFf x x x 4 [8], where £ has 



2 More precisely, we require the Poincare-dual classes of the submanifolds {P = 0} C X$ and {Q = 
0} c X 3 be odd classes. 



degree four, and the hypersurface equation is given by 

Jb 1 J/O "T~ JjQ Jb A C U . I O.O ) 

Let the D7-brane be located at D = Yli=i a i x i- If we wanted to determine, whether 
or not this brane is spin, we would have to integrate its first Chern class C\(D) = H on 
every possible 2-cycle, and check for even/odd results. Any 2-cycle defined as a complete 
intersection of D with another divisor will give an even answer, due to the intersection 
number H 3 = 2 of this CY threefold. Yet, this brane is not spin. 

In order to detect this, one must search for holomorphic curves that cannot even be 
written as complete intersections of two divisors with X 3 , but as complete intersections 
of three divisors in the ambient fourfold. Let us take for simplicity the curve C 

C : f = x\ n x 1 = x 2 H x 3 = . (3.6) 

This curve is a P 1 that is automatically contained in X 3 . If we now restrict the D7-brane 
moduli to take the form: 

D — oi(xi —x 2 ) + a 3 x 3 , (3.7) 

then it will pass through C, as opposed to just intersecting it. Now we may integrate 
Ci(-D) over this curve, and we will find that 

ci(£>) = l. (3.8) 

c 

Although we have 'forced' this curve upon the D7-brane by constraining the moduli, 
it is always present in the divisor's homology, just not holomorphically. 

3.2 F- theory lift 
3.2.1 General idea 

The discussion above suggests the form of the 4-cycles on which we could detect the 
odd-ness of the second Chern class of the Calabi-Yau fourfold in an S'j9(A^)-singular 
F-theory configuration. We define the elliptically fibered Calabi-Yau fourfold with an 
I^-singularity on {D = 0} C B 3 as the hypersurface 

Z MN) . y 2 + aiXY z + a 3:N D N YZ 3 = X 3 + a 2 X 2 Z 2 + a i:N D N XZ A + a 6:2N D 2h ! Z 6 , 

(3.9) 

in the ambient fivefold given by a W^P^ yz -bundle over B 3 . Here ay is a section of the 
line bundle K^ ® C~^ , where Co indicates the line bundle defined by the vanishing locus 
of its section D. 



In order to compute any topological quantity, we have to completely resolve the 
Calabi-Yau fourfold. The resolution procedure, as prescribed by [25], leads via a series 
of blow-ups to a resolved fiber over the singular locus which exactly reproduces the 
extended (or affine) Dynkin diagram of the gauge group corresponding to the singularity 
one starts with. For non-split singularities, like the ones in the £p-series, one has to take 
into account non-trivial monodromies acting on the various components of the resolved 
fiber as we go around non-contractible paths of the singular locus. The easiest such 
situation, with only two exceptional divisors, is depicted in fig. [TJ where E 1 and E 2 are the 
two components of the first exceptional divisor and they get exchanged by monodromy, 
while the extended node E_\ and the last exceptional divisor E 3 are left invariant. The 





I-I 




Figure 1: This shows the extended Dynkin diagram of Sp(2) (right) obtained by folding 
the extended Dynkin diagram of SU(4) (left). The monodromy responsible for the folding 
acts as a reflection with respect to the vertical dashed line drawn on the left figure. 

green lines in fig. [T] represent D6-branes in the type IIA picture. The resolved regime 
corresponds indeed to the Coulomb branch of the gauge theory living on the worldvolume 
of D6-branes. The latter are separated along the so called T-duality circle, i.e. one of the 
two fiber directions of the elliptic fibration, indicated in the figure by solid black lines. 
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From this perspective, one realizes that the nodes of the diagram are nothing but closed 
M2 branes lifting the type IIA open strings stretched between two neighboring D6-branes. 
The additional direction is the so called M-theory circle, i.e. the other fiber direction 
of the elliptic fibration, which collapses on the D6-brane locations. Hence, in the non- 
split case, D6-branes as well undergo monodromies, in a way analogous to an orientifold 
involution. In fact, they are pairwise exchanged so to form couples of brane-image-brane 
(1 with 2 and 3 with 4 in the figure). Therefore, the left part of the figure displays the 
extended diagram of SU(4) with the usual bunch of four (separated) D6-branes. If we 
quotient this configuration by the monodromy action, we obtain precisely the extended 
diagram of Sp(2), with two (separated) stacks of brane-image-brane, depicted in the right 
figure as shadowed green lines. 

The type IIA picture outlined above helps us finding in F-theory the 4-cycles which, 



lifting the 2-cycles (3.4), can be used to detect the half-quantization of the G4 flux and 
thus the M-theory lift of the Freed- Witten anomaly. The general reasoning goes as 
follows. 



The way we typically detect Freed- Witten anomalies [20J of D-branes wrapping holo- 
morphic submanifolds is by considering a loop of open strings attached to a given D- 
brane and by integrating the first Chern class of the brane worldvolume over the 2-cycle 
generated by the loop of string boundaries. If the result is odd, we must switch on a half- 
quantized gauge flux on the D-brane to cancel the anomaly. However, if such a 2-cycle is 
taken to be holomorphic it must degenerate to a point which is the calibrated represen- 
tative of the trivial homology class of the target space. Therefore, in order to measure 
Freed- Witten anomalies in this case, we are forced to consider two different D-branes, 
like the parallel D6s in fig. [TJ and look at loops of open strings stretched between them. 
These loops will then form 3-chains with cylindrical shape having as boundaries holo- 
morphic 2-cycles on each of the two D-branes. Analogously to the nodes of the Dynkin 
diagram discussed above, these 3-chains lift in M-theory to 4-cycles, regarded as loops of 
the closed M2-branes lifting the type IIA open strings considered. 

Therefore, we are led to analyze the 4-cycles made by nodes of the Dynkin diagram 
fibered over the curve of the brane which we used to measure the Freed- Witten anomaly 



in type II string theory (see sec. 3.1). However, not every node works well to this end. 
In fact, any of the nodes depicted in the left part of fig. [T] gives rise to a 4-cycle on which 
the second Chern class of the fourfold integrates to an even number. One can explicitly 
verify this statement using the details of the geometry discussed in the next subsection. 
But it is instructive to realize this from the type IIA point of view. Indeed, for instance, 
the integration of C2/2 on the i^-fibration over the curve {P = Q = 0} C B 3 is equivalent 



modulo integers to the type IIA expression 



Ft - F 3 , (3.10) 

{P=Q=0}cD6i J{P=Q=0}cD6 3 

where F\ t3 are the gauge fluxes on the DGi^-branes respectively and the minus sign is due 
to the opposite orientations of the boundaries. If we take the D6-worldvolume to be non- 
spin, both F\ and F 3 are half-integrally quantized to cancel the Freed- Witten anomaly. 



This means that the expression (3.10) is integral and thus the second Chern class of the 
fourfold integrates to an even number on the Ei-fibration. The same conclusion holds for 
the i? 2 -fibration (by considering the D62,4-branes) and in general if the fiber is any Cartan 
node or the extended node. To be more precise, in the cases of the last Cartan node and 
of the extended node, the corresponding type IIA strings stretch between one D6-brane 
and its image D6 under the monodromy. Hence the integration of C2/2 for instance on 
the i?3-fibration in the Sp(2) example would be equivalent to the integer number 



^3 + / „ F 3 , (3.11) 

{P=Q=0}CD6 3 J{P=Q=0}cD6 3 

where the plus sign arises because the gauge flux is odd under the orientifold involution. 

The above logic suggests that a node which would allow us to measure an odd value 
for C2 could be the one which lifts an open string stretching between a D-brane of the 
stack and an other D-brane which carries no flux (or an integrally quantized flux). The 
only such D-brane around is the Whitney-type brane. This leads us to constrain the 
complex structure of the fourfold in such a way that our curve {P — Q — 0} C B 3 
is contained in both the D6-stack and the Whitney-umbrella brane. In other words, in 
order to identify the "detecting" 4-cycle, we have to require that the Freed- Witten 2-cycle 
{P = Q = 0} C -B3 becomes a branch of the matter curve represented by the intersection 
between the non-abelian stack and the Ii-locus. Before formalizing this concept, let 
us explain the result in terms of diagrams. Starting from an Sp(iV)-singularity, our 
constraint on the complex structure of the blown-up fourfold will be such that there will 
be an enhancement to SU(2N + 1) along the curve {P = Q = 0}, as pictorially shown in 
fig. |2j As it is manifest from the figure, the only relevant change for our purpose is the 
splitting of the last Cartan node (E 3 for Sp(2)) into two branches (E$ and E 3 ), each of 
which lifts the open string stretching between one D-brane of the stack and the Whitney- 
type D-brane W. Due to the constraint made, the shape of the Whitney-umbrella will not 
be completely generic and an amount of integral flux would be necessarily generated on 
it to keep this configuration stable. However, since we are not focusing on the dynamics 
of the system here, but rather we are probing it to measure possible anomalies, we can 
assume that no flux is present on W. Therefore, focusing on the example of fig. [2j the 
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Figure 2: This shows the transition from the extended Dynkin diagram of Sp(2) (left) to 
the extended Dynkin diagram of SU(5) (right) happening along the curve {P = Q = 0} 
due to the singularity enhancement. The fifth D-brane of the SU(5) stack is given by 
the Whitney-type brane. The orange nodes are the fibers of the 4-cycles on which it is 
possible to detect the Freed- Witten anomaly 

integration of C2/2 on the £"3 -fibration over the curve {P = Q = 0} C B3 is equivalent 
modulo integers to the type IIA expression 



(3.12) 



{P=Q=0}CD6 3 



,(2) 



which is half-integral if and only if the stack is non-spin. For the E\ -fibration, we find 
the same expression in terms of the image flux F 3 . 

Let us finally remark that the symmetry enhancement along the whole matter curve 
does not have to be SU(2N + 1), which only appears along the branch {P = Q = 0} 
due to the ansatz we will make. Indeed, for an I^-Kodaira singularity, Tate's algorithm 
prescribes along the intersection with the Ii-locus an enhancement to an l2^ +1 -Kodaira 
singularity, which corresponds to an unconventional gauge group [25J. As it will be 
clearer later, the reason for this slightly stronger requirement is to have a closed algebraic 
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expression for the two branches of the last Cartan node. In contrast, by just asking 

W = WP + WQ, (3.13) 

where {W = 0} defines the Whitney-type D-brane W, we would still split the last Cartan 
node, but non-trivial monodromies would mix the two branches and we could not single 
out one of them globally 



3.2.2 Formalization 

Let us now put onto rigorous ground what we have previously discussed. In order to 



blow-up the Sp(iV)-singularity of (3.9), we will follow the toric procedure adopted in 
[2T| . First of all we introduce a new homogeneous coordinate a to the ambient space and 
impose the additional equation a = D. Then we add N toric vectors Vi (together with 
N projective relations), which, in order to stick with the notations of [25], we will label 
with odd numbers onfyQ i.e. 1, . . . , 2N — 1. 

The Calabi-Yau fourfold will be defined as a complete intersection of two equations 
in an ambient sixfold X$, given by a projective bundle over B 3 . The ambient fiber over 
B3 will be defined by the following assignment of projective weights 



WP 3 

■"■ crXYZviV3...V 2 N-3V2N-l 



a 


A 


Y 


Z 


Vi 


v 3 ■ 


• V2N-3 


V2N-1 





2 


3 


1 





• 








1 


1 


1 





-1 


• 








1 


2 


2 








-1 • 





(3.14) 


1 


N-l 


N-l 








• 


• -1 





1 


N 


N 








■ 





-1 



The rows represent independent C*-actions on the coordinates. In order to define the 
ambient space, we mod these out, much like in projective spaces. The first row indicates 
the pre-existing projective identification of WF 2 XYZ . 

Projective spaces are defined as C n — {0, . . . ,0}/C*, i.e. before modding out by 
the action, we must first delete the origin. In toric language, one would say that the 
Stanley -Reisner ideal consists of the element z\ . . . z n , meaning that these coordinates 
are forbidden from vanishing simultaneously. 

The fiber defined above for the sixfold X 6 has the following SR ideal: 



SR 



Sp(N) 



XYZ ; f2i-i^|i=i,...,jv ; V2i-iXY\ i=0 ^.. t N-i ; t> 2 j_if2j-i 



i,j=0,...,N 
j-i>l 



(3.15) 



3 The reason is to distinguish them from the even-labeled ones which are further introduced to resolve 



split singularities, like the ones leading to unitary gauge groups (see sec. 4.2). 
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where by convention we put u_i := a. The above is easily derived if we express the table 
(3.14) in the basis in which it is manifest that v^i-i induces a blow-up along the locus 
= 0, for i = l, 



X = Y 



V2i 



N. It is not difficult to realize that the last elements 



in (3.15), quadratic in the vs, arise by taking pairwise differences of the rows in table 



(3.14) expressed in the new basis. These elements are responsible for the appearance of 



the "unidimensional" structure of the extended Dynkin diagrams of the C-series. Calling 



v = U 



N 



,N-i 



i=0 V 2i-li 



which has multi-degree (0,1,2, ... ,N — 1, N), the blown-up Calabi-Yau 



fourfold is given by the following intersection in the sixfold X 6 : 



;s P (N) 



Y(Y + ai XZ + a 3 , N VZ 3 ) = X 3 l\Z 
+a 2 X 2 Z 2 + a 4 N VXZ 4 + a 6 2N V 2 Z & 



t '2i-l + 



r^V 



njv 



i-l 



D 



2x(3,l,2,...,N-l,N) 

(0,...,0), 

(3.16) 



where on the right the multi-degrees of the two hypersurfaces are displayed. Note that, 



as was the case for the Calabi-Yau threefold in sec. 3.1, these degrees are even 



The second Chern class of the resolved fourfold, which determines the quantization 
condition of the G4 flux [TS] , is conveniently split into two pieces 



C2 [Z, 



-,Sp(N)\ 



C2 [Z A ) + Ac 2 



(3.17) 



where the first part is the second Chern class of the smooth phase of the elliptically 
fibered fourfold 



C 2 (^4 



02(^3) + llcl(B 3 ) - 12F 2 



(3.18) 



while the second depends in an easy way on the iV exceptional divisors arising after the 
resolution 



N 



Ac 2 = --J^z (7 ci(fl 3 ) -*£>)£: 



2i-l 



(3.19) 



i=l 



In the expressions above F indicates the class of the 0-section Z = 0, T> the Poincare-dual 
class of {D = 0} C £>3, Ek : Vk = are the blow-up classes, and we have everywhere 
omitted the pull-back map acting on classes of the base. It has been proven in [21] that 



the class (3.18) is always even. Thus we concentrate on the class (3.19), which, if odd 



leads to a "half" -quantized G4 flux. Let us remark here that eq. (3.19) provides in 



this context an iteration of Fulton's formula [261 EZ] for resolved manifolds after a single 
blow-up, thus extending the result for iV = 1 already discussed in 
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Analogously to the case of the Calabi-Yau threefold (3.1), a generic equation like 



(3.16) for the Calabi-Yau fourfold does not allow us to identify the 4-cycles on which the 



integral of Ac 2 is odd. Therefore, we implement the general logic outlined in the previous 



subsection by the following ansatz for some of the polynomial coefficients of (3.16) 



D 



PD + QD 



(3.20) 



&2k+2,kN = -Pa-2/cH 



2,JWV 



+ Q &2k+2 



kN 



A; = 0,1,2 . 



This extends conditions (3.3), which are recovered here by taking k = only, and implies 

«4 JV + Gl&3,JV04,iV — Q-i^G^N — CL 2 a^ N ~ ^ a 20-6,2N ■ (3-21) 



condition (3.13) since 
W = 



By looking at the structure of the various exceptional divisors {v2i-i = 0} when restricted 
to the curve {P = Q = 0}, one easily realizes that their pattern of intersection undergoes 
exactly the transition displayed in fig. [2j In particular, all of them split into two well- 
defined branches and all the pre-existing monodromies are killed. Indeed, on {P = Q = 
0} one has 



E 



2i-l 



V2i-l 

Y 








u 



V2i-1 

Y 




-ai 



iV 



(3.22) 



each of which geometrically is a P 1 with coordinates v 2 is, t>2i+i fibered over the curve. 
However, as already stressed, it is the last exceptional divisors which interests us more. 
Before the transition, E 2 n-i is a quadratic P 1 embedded in the P 2 with coordinates 
X, Y, V2N-3- But after imposing (3.20), our Calabi-Yau fourfold gains extra (2, 2)-cycles, 



due to the splitting of E 2 n-i, and they look like 



°(4) 




(3.23) 



°(4) 



P = 
Q = 

V2N-1 = 

Y = - (aiX + a 3jN v 2 N-3,) 



(3.24) 



v 2i _ l = lforz = 0,...,JV-2, 
V2N-3- We are still left with one gauge freedom, which we can use to describe 



where in (3.24) we have performed the N gauge-fixings Z 

so that V 

the geometry of this 4-cycles. A closer look shows indeed that they are P 1 -fibrations over 

the curve {Q = 0} fl {P = 0} contained in the surface where the singularity was. The 

fibers are ^jv-i an< ^ ^2N-i respectively, in the notation of the previous subsection. The 
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last equations of (3.23) and (3.24) tell us that X and f2iv-3 are exactly the coordinates 



of the P 1 fibers, due to the presence of the element v 2N-3XY in the Stanley- Reisner ideal 



(3.15). Again these 4-cycles are not complete intersection with the Calabi-Yau fourfold. 



Rather they are surfaces of the ambient six-fold which are automatically contained in 



rSp(N) 



namely they automatically satisfy equations (3.16). While integrating Ac2 over 



any 4-cycle which is complete intersection with (3.16 ) gives certainly an even number, due 



to the even-ness of the fourfold class, the new 4-cycles may in contrast be good candidates 
to detect the Freed- Witten anomaly of F-theory. In fact, we find the following general 
formula 



Ac 2 



(4) 



[7 Cl (B 3 )-(2N-l)V]VQ 



B 3 



{P=Q=0}CS 2 



[2(4-N) Cl (B 3 )\ S2 + {2N-l) Cl (S 2 )} 



(3.25) 



where V, Q are the Poincare-dual class of {P = 0}, {Q = 0} C B 3 respectively, and in 
the last step we have used the adjunction formula. Thanks to the simple structure of 



AC2 in (3.19), which does not contain terms quadratic in the exceptional divisors, eq. 



(3.25) can be easily derived. To do that, one first of all simplifies the integrand using the 



elements t>2i-i^^|i=o,...,iV-i of the SR ideal (3.15). They imply on {Y = 0} the following 
relation 



N 



N 



R 



2N-1 



j> 



2i-l 



-D [2 Cl (B 3 ) + 2F-J2i E 2i-i) +2E 2N _ lCl (B 3 ). (3.26) 



t=i 



t=i 



It is easy to see that now one can factorize the class of {Y = 0} fl {D = 0}, which is 



half the class of the proper transform (3.16). Therefore one is led to compute an integral 



over the blown-up elliptic fourfold, where the following formulae hold for any type of 
singularity [281 129] 



E k ABC 







Zi 



E k E h AB 



■a 



kl 



Z 4 



VAB 



kJ 



, rank G , 



rankG 



(3.27) 



B 3 



Here A, B, C are any three divisors of the base and Cu is the symmetric Cartan matrix 
of the Lie algebra G corresponding to the singularity. For the Sp(N) case the latter is 
the N x N matrix Cm = 2 (25m — 8kN — <W _ 8k+i,i — $k,i+i), compatibly with (3.15). 



The remarkable fact about formula (3.25 ), as the last line suggests, is that its even/odd- 
ness only depends on the singular locus £2 being spin or not, while it is independent of 
whether the class T> which defines it as a subvariety of B 3 is even or odd. In other words, 
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it is only sensitive to an intrinsic property of that surface and not on the details of its 
embedding. More formally, the modulo two reduction of the expression in square brack- 



ets in (3.25) is ^2(5*2), while it does not contain information about the spin properties 
of the normal bundle of 5*2 in B3. On the one hand, this provides, as already argued, the 
mechanism for Freed- Witten anomaly cancellation of the corresponding D7-brane stack. 
On the other hand, it says that the degree of the polynomial defining S2 as a divisor of 
.83 plays no essential role in the quantization rule of G4. This is important because, a 
polynomial D of odd degree may well lead to a spin, and thus non-anomalous, D7-stack. 
For this to happen, B3 itself must be non-spin. 



It is not difficult to convince ourselves again the assumption (3.20) we have made does 



not generate singularities on the Calabi-Yau fourfold (3.16). By computing the gradient 



of eq. (3.16) subjected to the ansatz (3.20), one can indeed rigorously verify the absence 
of singularities. 

Finally, it is important to note that our four-cycles, although constructed as P 1 - 
fibrations over curves living at brane intersections, are never actually entire matter sur- 
faces. The way we tune our moduli force the matter curves to become reducible, and our 
four-cycles are fibrations over one such component. In our case, {P = Q = 0} is but one 
component of the whole matter curve. Indeed, the half-integral quantization of the gauge 
flux, as treated in [19], is designed to yield correct indices for bifundamental matter at 
brane intersections. It would therefore be contradictory to ever find a half-integral period 
of such a flux over a matter curve, but not over a piece of such a curve. This is consistent 
with the fact that [22j have not registered any shift in the G4 quantization on matter 
surfaces. 

4 Detection of the Freed- Witten anomaly in F-theory: 
SU-series 

In this section we address the same problem for F-theory configurations with an 1 S M 
Kodaira singularity on a generic codimension one locus of the base. We will see that 
things are more subtle here both in the geometric F-theory picture and in the weakly 
coupled string description. We will again start with the Sen limit and afterwards study 
the geometrical structures of these split-type singularities by distinguishing even and odd 
ranks. 
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4.1 Sen limit 

A crucial feature that distinguishes (and makes it more subtle) the weak coupling limit of 
F-theory configurations with unitary-type singularities from those with symplectic-type 
ones is that the formers lead to Calabi-Yau threefolds with conifold singularities. The 
origin of these singularities is in the Tate coefficient a 2 having for Ij^ a single zero along 



the singular locus {D = 0}, instead of being generic as is the case in eq. (3.1). This 



shape of a 2 is actually already contained in our constrained form (3.3). In other words, 
to treat Sen's limit of SU(M) F-theory models, we simply have to further require in the 
moduli space the conditions 

a 2 = Dd2,i 

a 2 = Da 2 ,i. (4.1) 

It is easy to see that this restriction is now sufficiently drastic to generate codimension 
three singularities in the Calabi-Yau threefold given by the following intersection of four 
divisors in the ambient four-manifold 



conifold points : < n _ (4.2) 




Indeed, the CY hypersurface equation assumes the shape of a conifold: 

i 2 = a\ + a 2 D. (4.3) 



However this restriction is essential to make visible the U(M) stackjof D7-branes and 
its image-stack under the orientifold map, as was elucidated in [22]. Indeed, the surface 



S 2 in (3.2) now clearly factorizes in brane plus image-brane 



s ? : { °:L . < 4 - 4) 



In contrast, in the "constrained" non-split situation discussed in sec. |3.1[ the stack was 
invariant and only its curve {P = Q = 0} factorized. 

Therefore we are now able to immediately identify the 2-cycles for detection of Freed- 
Witten anomalies without any need of further requirements on the moduli space. Given 
any polynomial Q with the same properties as before, the 2-cycles look like 

Cf 2) : { Q = <) (1.0) 




4 We neglect here the issue of the U(l) related to the center of mass and its fate in the F-theory lift. 
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Moreover, notice that these Riemann surfaces do not generically intersect the conifold 
singularities of A3, because this would require solving five equations in the ambient four- 
manifold. Hence it is likely that the presence of the conifold points does not affect the 
evaluation of the integral of 01(5*2) over C, 2 y Nevertheless, being the Calabi-Yau threefold 
singular, the computation of Chern classes itself may no longer be reliable. And on top of 
that, it is not clear whether in this circumstance 102(82) equals w 2 (Nx 3 S 2 ), and which one 
matters for cancellation of Freed- Witten anomalies. A procedure is therefore needed to 
cure this singularity. To this end, one may immediately think to a couple of possibilities, 
namely the small resolution of the conifold points and the deformation. However [30J, 
both are ruled out: The former because, in the absence of S-field, it would lead to a 
Calabi-Yau threefold not invariant under the orientifold involution, the latter because it 
would break the unitary gauge group to the parent symplectic one. A standard resolution 
of the conifold points is also not acceptable, because it would be non-crepant. We will not 
attempt here to solve this problem at weak coupling. Rather, we will focus on finding the 
4-cycles in the well-behaved F-theory which are able to detect Freed- Witten anomalies 



and thus give the right lift of (4.5). 



4.2 F-theory lift 

Let us now discuss in detail the structure of the F-theory fourfold in the presence of an 1^ 
Kodaira singularity and its complete resolution. Once again, our analysis aims at finding 
suitable integral (2, 2)-cycles for detecting shifted quantization conditions for the G4 flux. 
It turns out to be convenient to split the discussion in two sub-cases, namely SU(even) 
and SU(odd) gauge groups in eight dimensions. In appendix [A] we have collected general 
formulae holding for all SU(M) singularities, which we will need throughout this section. 

4.2.1 The SU(2N) family 

We start from the even case as it is easier to deal with. The reason is that the 1^ family 
of Kodaira singularities is very closely related to the R^. By looking at the table of the 
Tate algorithm in [25], one indeed realizes that the only difference is the one already 



encountered for the Sen limit in sec. 4.1, i.e. a 2 is generic in the non-split case, while it 



has a single zero along {D = 0} in the split case. This strongly suggests that we should 



treat 1^ singularities in a similar manner as we did for 1^ in sec. 3.2 

Since SU(2) = Sp(l) has already been discussed in the previous section, the present 
analysis concerns SU(2N) gauge groups for N > 2. Recall, however, that the pre- 
scription given in [25] for resolving 1^ requires to add further toric coordinates v 2 i for 
% — 1, . . . , N — 1, with new projective C*-actions p 2 i such that a, X, Y, t> 2i have weights 
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(l,i,i + 1,-1) respectively under p 2 i- We refer to appendix [A| for the details of the 
geometry. 

One can now easily seek for the detecting 4-cycles in analogy with the analysis done 



for the Sp(N) singularities in sec. 3.2 by imposing that: 

D = PD + QD 

&2k+2,kN = P &2k+2,kN + Qa>2k+2,kN 



k = 1,2, 



(4.6) 
(4.7) 



and di = a,2,\ D . The ansatz makes the gauge symmetry enhance on {P = Q = 0} from 
SU(2N) to SU(2N + 1) along the whole matter curve. The enhancement manifest itself 
as the splitting into two of the node E 2 n-i >-> E2N-1 ^ ^m-v Such transition is shown 
in fig. [3] for the N = 2 case. 





W 



Figure 3: This shows the transition from the extended Dynkin diagram of SU(4) (left) to 
the extended Dynkin diagram of SU(5) (right) happening along the curve {P = Q = 0} 
due to the singularity enhancement. The fifth D-brane of the 577(5) stack is given by 
the Whitney-type brane. The orange nodes are the fibers of the 4-cycles on which it is 
possible to detect the Freed- Witten anomaly. 
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Focusing on the first component, we find a 4-cycle C^ l > given by the fib-ration of E, 
over the curve detecting the Freed- Witten anomaly in type IIB: 



(i) 

2JV-1 




4) : < ^ = "-n <*■ 



SU(M)^ 



One can prove that the general formula for the integral of C2(Z 4 ), on the surface 
(4.8) is the following: 

[ c 2 = [ (6c x (B 3 )-(2N-l)-V)-V-Q. (4.9) 

This shows that the even or oddness of c 2 (Z 4 ) is correlated with the spin-ness 
or non spin-ness of the brane stack on T>. Again, we emphasize that, as explained in the 
last paragraph of |3.2.2 this 4-cycle cannot be a matter surface. Those should always 



yield integral periods for G 4 . 

We will outline the arguments behind the proof, which is rather tedious in its detail: 
The general elements of the Stanley-Reisner ideal found in appendix [A] imply that, 



on the 4-cycle (4.8), the following coordinates can be taken to be different from zero, and 
'gauge-fixed' to one: a, V\, . . . , v 2 n~3, Z. This means that the respective divisor classes 
vanish on the 4-cycle. Only X, V2N-2 remain unfixed. 

Since our goal is to relate an integral on the ambient sixfold X 6 of the fourfold Z 4 
to an integral on B 3 , we must identify a form that is Poincare dual to S3 in X§. In this 
case, we may choose one of the following two equivalent six-forms: 

[Y] ■ [v 2N -i] ■ [X] or [Y] ■ [v 2N ^] ■ [v 2N _ 2 ] . (4.10) 

One can see that this works, because after setting all of these coordinates to zero, those 
on B 3 remain unfixed. Let us pick the latter PDb 3 = [Y] ■ [V2N-1] ' [^2^-2] • 

Let us calculate the total Chern class c(Z 4 ) with the adjunction formula: 

r( ySU {M)) c(B 3 ) ■ (1 + [x]) ■ (1 + [y]) ■ (1 + [*]) ■ (1 + [a]) ■ Ilg^(l + N) 
14 } ~ ((l + V).(l + [x] + [y] + c 1 (B 3 ))) ■ [ - } 

By restricting onto wj, the SR ideal allows us to get rid of a lot of terms: 

,ySU(M)v c(B 3 ) ■ (1 + x) ■ (1 + y) ■ (1 + v 2N ~2) ■ (1 + V2N-1) (A 1Q v 

c{Zt "4T ((i + o.d + x + v + c.fB,))) ' (412) 
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For convenience, we will denote a divisor class of a coordinate p simply as p, and drop the 
[]. We must now exploit all linear relations between divisor classes, in order to express 
c 2(-^4 ) in terms of the classes that vanish, and of i>2jv-2- The general relations, after 
restricting onto C^J, are the following: 

[v 2N -i]=T>-[v2N-2]; [X] = 2 Cl {B 3 )-NV+[v 2N - 2 ]; [Y] = 3 Cl {B 3 ) - N V . (4.13) 

Dropping terms with four indices along B 3 , we can then extract the second Chern 
class: 

C 2 (Z! U (M) )| C (D = (4 Cl (B 8 ) " 21?) • [V2N-2] - [V2N-2? ■ (4.14) 

°(4) 

Finally, from the relation in the SR ideal [U2JV-2] ' [X] = 0, we find that [t>27v-2] 2 = 



(NT> — 2ci(B 3 )) ■ [v 2 n-2\- From this, we arrive at our general formula (4.9). 

4.2.2 The SU(2N+1) family 

We are left to address the odd series of unitary groups, which is more subtle. We will 
actually develop a method for detecting the shift in quantization of C2 for all unitary 
groups with SU(M > 5), also including the even ones. The case 577(3) is special, and is 
remanded to appendix [B] 

By looking at the Tate table [25] , we see that in order to enforce an I^+i singularity on 
top of an existing 1^ two more polynomials have to vanish at linear order on {D = 0}, 



i.e. a^jv and a§p,N- Therefore, the ansatz for all the a-coefficients in (3.20) becomes 
automatically satisfied. 



A type IIA argument totally analogous to the ones given in sec. 3.2| tells us that we 
can no longer use the branches of the last exceptional divisor to identify the detecting 
4-cycles. Indeed, they now lift open strings stretching between two ordinary branes of the 
SU(2N + l)-stack, both of them carrying an half-quantized gauge flux in the non-spin 
case. Therefore we have to look elsewhere. The only other matter curve available is the 
intersection of the non-abelian stack and the orientifold plane, i.e. {D = 01 = 0} C B 3 . 
Like the Whitney-type D-brane before, the orientifold has the property of having no 
gauge flux on its worldvolume. But it also does not admit ending open strings. However, 
we could consider the unoriented open strings, which start from a given D-brane of 
the stack, loop around the O-plane and come back to the D-brane with the opposite 
orientation. If we now consider a loop of such open string worldsheets, this will no longer 
be a 3-chain, but rather a 3-cycle. The latter, in turn, will intersect the D-brane on the 
2-cycle originating from gluing together the loops of the two oppositely-oriented string 
boundaries. Finally, this 3-cycle will again lift in M-theory to the 4-cycle we are looking 
for. 
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Figure 4: This shows the transition from the extended Dynkin diagram of SU(5) (left) to 
the extended Dynkin diagram of 5*0(10) (right) happening along the curve {P = Q = 0} 
due to the singularity enhancement. Nodes connected by arrows are identified. The 
orange nodes are the fibers of the 4-cycles on which it is possible to detect the Freed- 
Witten anomaly. 

This argument suggests that we should constrain the complex structure of the blown- 
up fourfold, which is given in eq. (A.4), in such a way that the curve {P = Q = 0} C B 3 



is automatically contained in both the D-brane stack and the orientifold plane. Therefore, 
we impose the following conditions 



D 



PD + QD 



ai = Pai + Qai, 
since the polynomial defining the 07-plane is 

07 : h = a\ + 4a 2 ,iD . 



(4.15) 



(4.16) 



Since the curve {P = Q = 0} is a branch of the intersection between the non-abelian stack 
and the O-plane, we experience on it the gauge symmetry enhancement from SU(2N + l) 
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to SO (AN + 2). This transition is pictorially shown for the N = 2 case in fig. H 
and it works the same way for SU(2N) too, which enhances to SO(4N) . Hence this 
provides an additional, alternative way of detecting Freed- Witten anomalies for SU(2N) 
F-theory configurations. The only notable exceptions are SU(2), which enhances to the 
III-Kodaira singularity and SU(3), which enhances to the IV s -Kodaira singularity [3~T] . 
Since SU(2) = Sp(l), we have already described for it the rules for the quantization of 
the G4 flux. In contrast, we have not been able to detect the Freed- Witten anomaly 
for SU(3) F-theory configurations. In fact, we argue that for those configurations the 
second Chern class of the fourfold is always even and in appendix [B] we give an argument 
in favor of this conjecture. Nevertheless, it is not yet clear which is the mechanism for 
Freed- Witten anomaly cancellation in their weak coupling limit if the S'?7(3)-stack is 
non-spin but no half-quantized gauge flux is induced. We hope to come back to this issue 
in the near future. 

The pattern of symmetry enhancement of SU(M) (M > 4) to orthogonal symmetries 
on the O-plane can be described as follows, at the level of Dynkin diagrams (see fig. 
El). The Cartan node of the exceptional divisor E% splits into three branches, one of 
which gets identified with E\ and therefore cannot be used for detecting Freed- Witten 
anomalies^ while the other two can be used as fibers for two good detecting 4-cycleqj 
Moreover, the Cartan nodes of Ei for i = 3, . . . ,M — 2 separately split into two branches, 
all of which can in principle be used as fibers for two good detecting 4-cycles. Each of 
those gets identified with one branch belonging to each of the two neighboring nodes, 
with the only exception of one branch of Em-2- The latter, together with one branch of 
Ei-, Eo and the last divisor Em-i, does not undergo any identification. Thus, in total, 
there are M — 3 identifications. One can easily see that this pattern exactly reproduces 
the extended Dynkin diagram of the SO(2M) gauge group. 

All of this can be easily verified from the general algebraic equation of the Calabi-Yau 
hypersurface given in appendix [Aj In particular, the explicit expressions of some of these 
new nodes fibered over the curve {P = Q = 0} are particularly easy. They are the 
branches which do undergo identifications 

Cg. : { ? = U _ n j = 2,...,M-2. (4.17) 



As stressed above, the first of these new 4-cycles (j = 2) is not relevant for our purposes 




5 Recall that E\ interpolates between two ordinary D-branes of the stack. 

6 There is a subtlety here. For SU(4) only this is not a priori clear because of the extra requirement 
of factorization one has to impose for the SO(8) enhancement [25]. Therefore our second method works 
correctly starting from SU(5). 
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of detecting anomalies. The general formula of the integral of c 2 (Z 4 ), given in eq. (A. 5) 



on the surfaces (4.17) with, say, j = 3 is given by the following very simple expression: 



c 2 (Z 4 ) = V-V-Q. (4.18) 



C (4)3 JB 'i 

The proof proceeds very much analogously to the case covered in the previous section: 

One realizes that, on C^L, the following coordinates are fixed to be non-zero: 
(X, Y, a, Z, t>5, . . . ,Vm-i)- Hence, their divisor classes vanish on the 4-cycle. We then 
identify the following six- form as the Poincare dual to B 3 in the ambient sixfold X 6 : 

PD B , i =v 1 -v 2 -v 3 . (4.19) 

We will also need the following linear relations, valid on C^L: 

[v 2 ] = -2c 1 (B 3 )+2V-[v 1 ] ; [v 3 ] = -c x {B 3 ) +V - [v x \ ; [v 4 ] = ?>c x {B 3 ) - 2V + H . 

(4.20) 
Finally, we need the relation [v x ] ■ [f 4 ] = 0, which gives us [vi] 2 = [vi] ■ (2T> — 3ci(B 3 )) 

Now, we substitute all of these relations into the adjunction formula for the Chern 
class of Z 4 , and arrive at the following result: 



c 2 (Z 4 ) = [ [v 1 \-[v 2 ]-[v 3 ]-V-V-Q. (4.21) 



^C (4)3 JX,i 



V-V ■ Q= V. (4.22) 

B 3 Jc 



Again, we emphasize that, as explained in the last paragraph of 3.2.2, this 4-cycle 



cannot be a matter surface. Those should always yield integral periods for G4. 

4.3 The example of SU(5) 

We will now illustrate all of our general formulae in the interesting case of SU(5). The 
Weierstrass model for the fourfold such that it creates an SU(5i) singularity along a 
divisor given by D = in B 3 is given by the following complete intersection: 

Y 2 + ai XY Z + a 3 , 2 a 2 Y Z 3 = (4.23) 

X 3 + a 2 ,i aX 2 Z 2 + a 4t3 a 3 X Z A + a 6 , 5 a 5 Z % 

D = a } (4.24) 

where a is an auxiliary coordinate. This space is singular at X = Y = a = 0. In order 
to resolve it, we introduce four new coordinates v x , . . . ,v 4 . The full ambient space of the 
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resolved fourfold Z 4 is a projective bundle over B 3 . The fiber is a toric space described 
by the following table: 



a X Y Z vi i>2 v 3 t> 4 








2 


3 


1 














WKxYZ Vl ...v t ■ 


1 


1 


1 





-1 

















1 





1 


-1 













1 











1 


-1 













1 











1 


-1 



(4.25) 



The SR ideal for this space is the following: 

SRsu(5) ■ \XYZ ; aXY ; ViZ\ i=h ,„ A ; v{Y ; v 3 Y ; v 2 X ; av 3 ; av 4 ; v x vA . (4.26) 

The resolved fourfold Z 4 is then given by the following complete intersection: 
( v 2 v A Y 2 + a x XYZ + a 3 2 a 2 v l v 2 YZ 3 = 



^SU(M) 
Z 4 



X 3 viv 2 V4 + a 2 ^aviv 3 X 2 Z 2 + +a i:3 a 3 v 2 v 2 v 3 X Z 4 + a 6>5 a 5 vfv 2 v 3 Z 6 

(4.27) 



k aviv 2 v 3 V4 : = D . 

We now impose the following ansatz on the complex structure moduli of our resolved 
fourfold: 

D = PD+QD 

(4.28) 
Oi = P a,i + Qcli , 

where P and Q are polynomials in B 3 defining a holomorphic curve C as the complete 
intersection in B 3 . The first line of this ansatz simply forces that C G Z 4 to be contained 
on the 7-brane at D = 0, whereas the second enforces that Oi vanish along it. This is the 
putative curve along which one measures the FW shift in the gauge flux quantization. 

Now, we construct our distinguished 4-cycle as a complete intersection of four equa- 
tions in X e : 

c (4) : p = o n Q = o n v 2 = o n ^ 3 = o. (4.29) 

This is the 4-cycle along which we will detect the shift in the quantization of G 4 . 

We note, that on C 4 , the following coordinates are barred from vanishing: Z, X,Y,a, 
leaving only v\ and t> 4 unfixed. 
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By following the procedure described in 4.2.2 By applying the linear relations, we 
arrive at the following result: 

I c 2 (Z 4 ) = f [v 1 ]-[v 2 ]-[v 3 ]-V-V-Q. (4.30) 

= [v. (4.31) 

In the last line, we use the fact that, once we set V\ — v^ — v 3 = 0, then all coordinates 
of Xq are 'gauge-fixed' to one, except for those of B 3 . Hence, this locus corresponds to 
an embedded copy of B 3 in X e . 

This formula should be interpreted as follows: Suppose we have a IIB setup with a 
stack of branes along a divisor {D = 0}, that we suspect is a non-spin four-dimensional 
manifold. Suppose that its non-spin-ness can be detected on some curve C given by 
{P = Q = 0} C -B3. In other words, suppose that f c D is odcTl Then 02(^4) will be 
odd along the so-constructed complex surface C( 4 ) that is a P 1 -fibration over C. Again, 



we emphasize that, as explained in the last paragraph of 3.2.2, this 4-cycle cannot be a 



matter surface. Those should always yield integral periods for G4. 



5 U(l)-restrictions 



Having treated situations where the Calabi-Yau fourfold develops symplectic and unitary 
singularities along a divisor on the base manifold, we would now like to take our analysis 
one step further, by implementing yet another restriction on the complex structure moduli 
space: The so-called U(l) — restriction. This restriction, introduced in [23J, consists in 
setting the a 6 polynomial in the 'Tate form' of the Weierstrass equation to zero: a 6 = 0. 
The effect of this restriction can be understood from the perturbative IIB point of view 
as follows: The setups we have been considering contain a stack of 7-branes with U(N) 
or Sp(N) gauge groups along some divisor T>. However, the tadpole cancellation of the 
axio-dilaton implies that there must be another 7-brane that saturates the rest of the 
available negative charge generated by the 07-plane. This brane is generically invariant 
under the orientifold involution, and hence carries gauge group 0(1). 

Imposing the U(l) restriction splits up this remaining brane into a brane/image-brane 
pair, thereby allowing the pair to enhance to a U(l) gauge group. This situation is more 
interesting if one wishes to be able to turn on chirality-inducing fluxes. 

7 This assumes that B 3 is itself spin, i.e. ci(B 3 ) is even. We hope to address the case of non-spin B 3 
in the future. 
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From the F-theory point of view, a singularity is created along the curve where the 
brane meets its image. The singularity type is recognizable as a curve of conifolds. To 
be more explicit, let us take again our example of the SU(5) model. The £/(l)-restricted 
Tate form takes the form 

V2V4Y 2 + diXY Z + a- iy2 o 2 viv 2 Y Z z = X^viV^v^ + a2 t icrviV 3 X 2 Z 2 + +a 4: 3a 3 v 2 v 2 v 3 X Z 4 
which can be rewritten as follows: 

YY = XK, (5.1) 

where 

Y = v 2 v 4 Y + a x XZ + a 3)2 cr 2 f \V 2 Z 3 , 

K = X 2 v 1V3V4 + a 2 ,i<JV 1V3XZ 2 + +a^a 3 v 2 v 2 v 3 Z 4 . (5.2) 

This is manifestly singular at the locus Y = Y = X = K = 0. In order to resolve this, 
we can apply the method of the small resolution, as was done in [H]. We construct a 
P 1 -bundle over X 6 with coordinates (s, t), and define the resolved fourfold as the solution 
space of the matrix equation: 

£*)(;)-°- 

intersected with the usual equation 

D = av\ . . .i>4 . (5.3) 

We could also pick the transposed equation, but for simplicity we will choose this 
one. In order for this equation to be consistent, the new coordinates must transform 
appropriately under the C*-actions that act on all other coordinates. It is sufficient to 
impose the following linear relations among divisor classes: 

[a] - [t] = [K] - [Y] = [Y] - [X] . (5.4) 

An additional C*-action is introduced such that (s, t) form a P 1 . The new ambient space, 
which is a P 1 -bundle over X 6 , is a seven-fold X 7 . Its Stanley-Reisner ideal SRx 7 is simply 
given by all elements of SRx 6 , plus the element st. 

Let us study the cases SU(M > 5) for simplicity. The 4-cycles that we defined in 
the previous section for detecting shifted quantization conditions are now defined by the 
same equations as before, supplemented by the equation s = 0: 

c (4 ) :P = o n Q = o n v 2 = o n v 3 = o n s = o . (5.5) 
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Now, we apply similar techniques as before to carry out our calculations, and arrive at 
the following general formula: 

/ c 2 (Z 4 ) = f M • [v 2 ] ■ [v 3 ] -[s\-V-V-Q. (5.6) 

V-V-Q. (5.7) 



:i 



Hence, the [/(^-restriction does not alter the results on quantization for SU(M > 5). 
For the ^p-series we conjecture that odd-rank Sp groups lead to even second Chern classes 
and vice- versa. This is because in the odd-rank cases the two branches of the Whitney 
umbrella brane are separately non-spin and the induced flux on them is also half-integral. 
This effect cancels the analog effect arising on the non-abelian stack. In contrast, in the 
even-rank cases, the branches of the Whitney umbrella are spin and the induced gauge 
flux is integrally quantized. For this reason we still find, by explicit computation, an odd 
second Chern class also for the £/(l)-restricted SU(4)-model. 

6 Outlook 

Our analysis suggests many directions for further investigation. For some gauge groups, 
we find that it is the (non)-spin-ness of the tangent bundle of the D7-stack that will 
determine, whether G4 in the corresponding resolved fourfold will be integrally quantized 
or not. In others, it is the normal bundle in B 3 that matters. For even Ci(B 3 ), both have 
the same implications. The case for non-spin base manifold needs clarification. 

The Sen limit for SU(N) gauge groups induces conifold singularities in the CY double- 
cover of -B3 that do not seem to admit any viable resolutions. In order to decide on 
topological matters such as the spin-ness of a divisor, we need to know the appropriate 
treatment of such singularities. 

The elusive case of SU(3) needs elucidation. Its peculiarity probably stems from the 
fact that its enhancement along the orientifold does not yield an SO(6) group. 
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A Geometry of SU(N) F-theory configurations 

We collect here some general formulae valid for the blown-up elliptic fourfold describing an 
SU(M) F-theory configuration. Let us define for convenience the operations x := x mod2, 
x := [(x — l)/2], with = 0, and x := [x/2], where [■] extracts the integer part. 

Our Calabi-Yau fourfolds Z 4 are defined as complete intersections in an ambient 

sixfold Xq, constructed as projective bundles over B3. The table of projective weights 



defining the ambient fiber over B3, in a slightly different basis with respect to (3.14) 
looks like 



■"■ crXYZviV2—VM-2VM-l 



a 


X Y 


Z 


V\ 


V2 


v 3 ■ 


■ %-2 


Vm-1 





2 3 


1 








■ 








1 


1 1 





-1 





• 











1 





1 


-1 


• 





0(A 





1 










1 




-1 • 

• 




1 








(M-l) M 


-1 



From the table (A.l) one can easily infer the Stanley- Reisner ideal of the ambient vari- 



ety. However, one encounters a subtlety for SU(3), which has to be treated separately. 
Therefore, for M^3, the SR ideal is made of 2 + MiM — l)/2 elements and it looks like 



SR 



SU(M) 



: IXYZ ; v XY ; ViZ\ i=K „ M -i ] v 2 i-iY\ i=1 ^ 



M ' 



v ^ x \i=i,...M-i ; v i v 3 



i,j=0,...,M-l ( , 

j-i>2 



where we have defined vq := a. 

The Stanley-Reisner ideal for SU(3) has instead 6 elements 



SR 



51/(3) 



: \XYZ ; v XY ; v x Z ; v 2 Z ; v x Y ; v Xv 2 } . 



(A.2) 



(A.3) 



The general formula for the proper transform, valid for every M, is 



■ 7 SU(M) 



vM 



M- 1 ..Af-t-li 



n^ v 2l Y- + a x XYZ + a 3 ^v ^ vf^YZ* = 
= X" rfii vL-i nji 4J 1 + a 2 ,iv ufU ^-iA 2 Z 2 + 



jM-l M-l 



+ a 4,M+l V ° 1L=0 V i XZ + a 6M V 1L=0 V : 



M-l M-i-1 76 



I n 



M-l 
j=0 



Vi 



D 



where the multi-degree of the first equation is (6, 2, 3, 4, . . . , M — 2, M — 1, M). 



(A.4) 
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The second Chern class of the blown-up fourfold (A. 4) is again conveniently split in 
pieces 



rAZ? U{M) ) 



c 2 ( Z S /M) + Ac', 



) 



2 ' 



(A.5) 



where the first term is the c 2 of the fourfold corresponding to the parent Sp(M) singularity 



and it is given by formula (3.17). The second term clearly vanishes for M = 2, for the 
special case M = 3 is 



Ac' 2 su{3) 



Eo 



-10c 1 (B 3 )+V + 2E 1 + E 2 



(A.6) 



and, finally, has the following form for M > 4 



Ac' 



E 2 -8ciGB 3 )+^ + £i 



+ 



M 



i=2 



-J2 E ^ 2 E 2i-2 + E 2i + (7i + 3) Cl {B 3 ) -{i 2 + i + l)V 



(A.7) 



B The SU(3) case 



We have stressed several times that F-theory configurations with SU(3) gauge group 
are somewhat special and have to be treated separately. Moreover, we have not been 
able to find for them any non-trivial shift to the quantization rule of the G4 flux. In 
this appendix we want to give an hint that, in fact, such a shift is unlikely arising for 
a Calabi-Yau fourfold with an SU{3) singularity blown-up in the usual way [25], i.e. by 
introducing the two toric vectors Vi,v 2 . 

By inspecting the expression of c 2 (Z 4 ) (see ( |A.5 ) and (A.6)), one realizes that this 
quantity is even if and only if the class C\E\ + D[E\ + E 2 ) + E\ is even. Therefore 

C 2 (Z! U{3) ) ~ c 1 £ 1 + J D(£ 1 + £ 2 ) + £ 2 2 mod H 4 (Z f {3 \2Z). (B.l) 



This is because all the other summand appear with an even numerical factor in front and 
they are Poincare dual to effective 4-cycles of the Calabi-Yau fourfold. Moreover, as one 



can see from eq. (A.4), the equation of the SU(3) Calabi-Yau hypersurface contains the 
term v 2 Y 2 . This term is necessary, in the sense that we cannot deform it away without 
making the hypersurface singulairj But now the two elements of the Stanley-Reisner 



ideal of the ambient variety (|A.3) vqXY and vqXv 2 tell us that, on the blown-up fourfold 



D(E 1 + E 2 ) 



E\ 



mod H\Z. 



SU(3) 



2Z) 



(B.2) 



8 One can indeed check that, for instance, the co-dimension two locus {a = X = Z — 0} would become 
singular. 
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Finally, the element v-\Y implies that 

E\ ~ aEx mod H\Z^ U{3) ,2Z) . (B.3) 

While odd values of C2 could still be found in principle on non-holomorphic 4-cycles, this 
argument nevertheless points towards the conjecture that in fact C2(Z 4 ) is always an 
even class. 
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